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Abstract
In J. Math. Anal. Appl. 189 (1995) 409–423, Corless and Pilyugin proved that weak shadowing is
a C0 generic property in the space of discrete dynamical systems on a compact smooth manifold M .
In our paper we give another proof of this theorem which does not assume that M has a differential
structure. Moreover, our method also works for systems on some compact metric spaces that are not
manifolds, such as a Hilbert cube (or generally, a countably infinite Cartesian product of manifolds
with boundary) and a Cantor set.
 2003 Elsevier Science (USA). All rights reserved.
Keywords: (Weak) shadowing; (Discrete) dynamical system; Pseudo-trajectory; Homogeneity; Generic property
1. Introduction
Let (M,d) denote a compact metric space and let f :M →M be a homeomorphism
(a discrete dynamical system on M).
A sequence {yn}n∈Z ⊂M is called a δ-pseudo-trajectory (δ > 0) of f if
d
(
f (xn), xn+1
)
 δ for every n ∈ Z.
Note that 0-pseudo-trajectory of f is simply its “real” trajectory.
We say that f has the (weak) shadowing property if for every ε > 0 there exists δ > 0
satisfying the following condition: given a δ-pseudo-trajectory y = {yn}n∈Z we can find a
corresponding trajectory x= {xn}n∈Z which (weakly) ε-traces y, i.e.,
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y⊂Uε(x) (weak shadowing).
Here and subsequently Uε(S) denote the ε-neighborhood of the set S ⊂M , i.e., the set of
all x ∈M such that dist(x, S) ε.
The concept of shadowing was investigated by many authors (see, e.g., [5,10,18,20,
21]). In [6] Corless and Pilyugin proved that weak shadowing is a C0 generic property
for discrete dynamical systems of a compact smooth manifold M . Subsequently, Pilyugin
and Plamenevskaya [22] improved this theorem showing C0 genericity of the shadowing
property. The other related results were obtained in [14,17,25,31].
Both of the proofs given in [6] and [22] required that M was a C∞ smooth manifold (see
Remarks 4 and 5). The aim of this paper is to show that for C0 genericity of weak shadow-
ing neither the differential structure nor even being a manifold is a crucial assumption on
the space M , but a generalized version of a topological property called homogeneity (see
[1,3,8,9,27] and references therein).
2. Results
At first we complete notation and, for the convenience of the reader, recall some known
definitions.
We denote the set of all homeomorphisms of M by H(M). Introduce in H(M) the
complete metric
ρ0(f, g) :=max
{
max
x∈M d
(
f (x), g(x)
)
,max
x∈M d
(
f−1(x), g−1(x)
)}
,
which generates the C0 topology.
A property P of elements of a topological space X is said to be generic if the set of all
x ∈X satisfying P is residual, i.e., it includes a countable intersection of open and dense
subsets of X.
We say that the space M is generalized homogeneous if for every ε > 0 there exists
δ > 0 such that if {x1, . . . , xn}, {y1, . . . , yn} ⊂M is a pair of sets of mutually disjoint points
satisfying d(xi, yi)  δ, i ∈ {1, . . . , n}, then there exists h ∈H(M) with ρ0(h, idM)  ε
and h(xi)= yi , i ∈ {1, . . . , n}. We will call such δ an ε-modulus of homogeneity of M .
The theorem stated below is the main result of this paper.
Theorem 1. If the space M is a generalized homogeneous and has no isolated points then
the weak shadowing property is generic in H(M).
As a corollary we also prove the following
Theorem 2. If the space M is one of the following:
(i) a topological manifold with boundary (dim(M) 2 if ∂M = ∅),
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boundary,
(iii) a Cantor set,
then weak shadowing is a generic property in H(M).
Statement (i) of Theorem 2 was announced in [19] and the proof appeared in the author’s
Ph.D. thesis [13]. However, the argumentation presented there based on Kuratowski’s the-
orem [12] providing genericity of continuity points of a semi-continuous multivalued map
(see also [23,25]). The author is indebted to the anonymous referee for indicating a possi-
bility of applying another, simpler method. Actually, the proof presented here is based on
the referee’s suggestions.
3. Proofs
Proof of Theorem 1. Fix any ε > 0. Let U = {Ui}ki=1 be a finite covering of M by open
sets with diameters not greater than ε and let K := {1,2, . . . , k}. For f ∈H(M) consider
the family If ⊂ S(K) consisting of these sets L ⊂ K for which we can find a trajectory
having a nonempty intersection with each of the sets Ui for i ∈ L (here and subsequently
S(T ) denotes the family of all subsets of the set T ). It is easily seen that for any f ∈H(M)
the following holds:
There exists a neighborhoodW of f such that If ⊂ Ig for g ∈W . (1)
Define the set RU as the collection of such f ∈H(M) that If = Ig for g sufficiently close
to f . Obviously, it is an open subset of H(M). To prove that RU is dense in H(M), fix
any open set V ⊂H(M). Observe that the set IV := {Ig | g ∈ V} ⊂ S(S(K)) is a finite set,
partially ordered by the relation of inclusion. Let If , corresponding to some f ∈ V , be one
of its maximal elements. Then, applying condition (1), we obtain a neighborhoodW ⊂ V
of f such that If = Ig for g ∈W . Thus, f ∈RU ∩V , which completes the proof of density
of the set RU.
Take f ∈RU and choose β > 0 such that If = Ig for g ∈H(M) with ρ0(f, g) β . Let
γ > 0 be a β-modulus of homogeneity of M . Set δ := γ /2. To make the proof complete
it is sufficient to show that each δ-pseudo-trajectory of f has some weakly 3ε-tracing
trajectory. Fix any δ-pseudo-trajectory y = {yn}n∈Z and notice that it is contained in an
ε-neighborhood of its “finite part,” i.e., there exist l, r ∈ Z such that y ⊂ Uε(yrl ), where
yrl = {yn}rn=l . Since M has no isolated points we can easily find (see, for instance, the proof
of Lemma 9 in [28]1) a finite 2δ-pseudo-trajectory y¯rl = {y¯n}rn=l such that yrl ⊂Uε(y¯rl ) and
y¯i = y¯j for i, j ∈ {l, . . . , r}, i = j . Let h ∈H(M), ρ0(h, idM) β , be a homeomorphism
connecting f (y¯i) with y¯i+1 for i ∈ {1, . . . , l − 1}. Set g := h ◦ f . The sequence
y¯= {. . . , g−2(y¯l), g−1(y¯l), y¯l, y¯l+1, . . . , y¯r , g(y¯r), g2(y¯r ), . . .
}
1 In fact, in the cited lemma the space was assumed to be a manifold, but for the proof it was essential that it
had no isolated points.
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we have If = Ig and hence there exists a trajectory x of f having a nonempty intersection
with each of the sets Ui , i ∈ L. From this we obtain y¯ ⊂ Uε(x) and, in consequence, we
conclude that the trajectory x weakly 3ε-traces the δ-pseudo-trajectory y, which completes
the proof. ✷
Proof of Theorem 2. (i) Any manifold of the dimension at most 3 admits a C∞ differ-
ential structure, which is compatible with a given topology (see [15,26,29]). So, in this
case the conclusion is an immediate consequence of the mentioned results of [6,22]. If
dim(M)  2 then M \ ∂M is generalized homogeneous (see [1–4]). It is easily seen that
then the conclusion can be obtained by a slight modification of the proof of Theorem 1.
(ii) In this case M is strongly homogeneous (see [8,30]), i.e., any bijective map be-
tween finite sets can be extended to a homeomorphism of M . So, Ungar’s version [27]
of the well-known theorem due to Effros [7] can be applied for the transformation group
(H(M),Fn(M)), where Fn(M) := {(x1, . . . , xn) ∈Mn | xi = xj for i = j }, to show that
M also satisfies a generalized homogeneity property. Theorem 1 completes the proof.
(iii) A Cantor set is generalized homogeneous (see [1,3]) and does not contain any
isolated point. The conclusion follows immediately from Theorem 1. ✷
4. Remarks
Remark 3. Let us note that the absence of isolated points is not an essential assumption
for Theorem 1 to hold. Indeed, since M satisfies the generalized homogeneity property
the set IP(M) of points isolated in M , which is invariant for every homeomorphism of M ,
cannot cumulate in any point of M and, therefore, it may contain only a finite number of
elements. So, in the proof of the theorem we can ignore δ-pseudo-trajectories that meet this
set, taking notice of the fact that, when δ is sufficiently small, they are “real” trajectories
contained in the set IP(M).
Remark 4. The argumentation presented in [6] employs a differential structure of a man-
ifold M . For example, the proof of Lemma 2.1 stated there is based on the solution of a
system of differential equations. On the other hand, the authors of [6] outline another pos-
sible argumentation making use of the theorem due to Shub and Smale [24] and Nitecki
and Shub [16], which, in particular, says that any compact (boundaryless) C∞ smooth
manifold of the dimension at least 2 is a generalized homogeneous. So, since the latter
also holds for a topological manifold, it is, in fact, a way to obtain the conclusion without
a smoothness assumption. However, both of the mentioned methods depend, via Takens’
result [25], on Kuratowski’s theorem [12], and ours does not.
Remark 5. As we have already noted, in [22] C0 genericity of the shadowing property
was proved for homeomorphisms of a C∞ smooth manifold M . The only place where the
proof uses the smoothness assumption is the construction of a handle decomposition of M ,
based on a smooth triangulation which in this case always exists. However, although the
existence of a handle decomposition does not require a differential structure if dim(M) 6
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essential if dim(M)= 4 or 5).
Remark 6. The following problems seem to remain unsolved:
(1) Is the homogeneity of the compact metric space M a sufficient assumption to obtain
genericity of the (nonweak) shadowing property in H(M)?
(2) Is the homogeneity of the compact metric space M a necessary assumption to obtain
genericity of the (weak) shadowing property in H(M)?
In the proof of Theorem 1 we look at a trajectory of a dynamical system as at a finite
collection of sets (from a given covering of the space M) that “it meets on its way.” On the
one hand, such a representation enable us to find easily the generic set of weakly shadowing
systems, but on the other, results in loss of information about location of particular points
of the trajectory that is crucial for the nonweak case. So, let us notice that applying this
argument to solve the first of the above problems may have little or no effect.
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